Introduction
of non-trivial holomorphic vector fields. Conversely, in the opposite case c 1 (K) < 0, that is, when dealing with so-called "Fano manifolds", nontrivial holomorphic vector fields may exist, and the existence of a Kähler-Einstein metric, which does not always hold, is noticeably more involved. More precisely, in this case (and, respectively, on any compact Kähler manifold) non-trivial holomorphic vector fields bring a constraint to the existence of a Kähler-Einstein metric (respectively, of a constant scalar curvature metric Kähler metric in some fixed Kähler class). If indeed such a canonical metric exists, a numerical function, the Futaki character [11] , defined on the Lie algebra of holomorphic vector fields, and depending only on the Kähler class under study, has to vanish identically.
The Futaki character was later generalised by Donaldson to polarised manifolds, into a numerical function defined on test-configurations, that generalise the concept of (the action of) holomorphic vector fields [10] . In the lines of suggestions by Yau [23] , and after Tian's special degenerations [19] , test-configurations and their Donaldson-Futaki invariants are meant to reveal the link between algebro-geometric stability of the manifold, and existence of a Kähler-Einstein/constant scalar curvature Kähler metric:
Conjecture A (Yau-Tian-Donaldson). -A polarised manifold (X, L) admits a constant scalar Kähler curvature metric in 2πc 1 (L) if, and only if, (X, L) is "K-stable", that is: the Donaldson-Futaki invariant is nonpositive (negative) for any (non-trivial) test-configuration.
The "only if" direction is now established [16, 17] ; the "if" direction is still a very active area of research, and has been solved rather recently for Kähler-Einstein metrics in the Fano case, i.e. when L = −K X is ample, see [7, 8, 9] and [20] .
In a related scope, the aim of this note is, after restricting to the relevant set of holomorphic vector fields, to generalise the Futaki character to a certain class of singular metrics on a compact manifold. Namely, fixing a simple normal crossing divisor D in a compact Kähler manifold (X, J, ω X ), we recall the definition of Poincaré type Kähler metrics on X\D, following [4, 21, 22 
As in the compact case, F 
Here, FD Donaldson-Futaki invariants are already considered in [6] which take into account the contribution of a divisor. These are used in the context of Kähler metrics with conical singularities on polarised manifolds, making use of a divisorial term with coefficient (1 − β), with 2πβ the angle of the cone singularity. In view of our formula between invariants (see Proposition 2.1 below), the Poincaré type Futaki invariant might thus be viewed, after switching from test-configurations to holomorphic vector fields, as the limit when the conical singularity angle goes to 0, that is, roughly speaking, when cones become cusps. In this spirit, and with help of the algebraic interpretation of the Poincaré-Futaki character, which we also explain in this paper, one may notice that our constraint is used to rule out the existence of Poincaré type Kähler metrics on Hirzebruch surfaces in [18, §5] ; other examples of application, in the toric setting, are considered in [1] .
Organisation of the article. This note is divided into three parts, plus an appendix. In the first part, we analyse holomorphic vector fields parallel In Part 3 we state and prove Theorem C: a useful technical extension (Proposition 3.1) of Proposition 2.1 is given in Section 3.1; Theorem C is then proven in Section 3.2 (Theorem 3.2), first in the smooth divisor case using Proposition 3.1, then in the simple normal crossing case. Notice that both steps use the asymptotic properties of extremal Poincaré type metrics obtained in [3] .
We finally highlight with a few words, in the appendix, links between our definition of Poincaré-type Futaki character, and K-stability terminology, as developed in particular for triples including a divisor by G. Székely-hidi [18] , motivated by an extension of Conjecture A to metrics with cusp singularities.
Notation. -In all this note, X is a compact Kähler manifold, and D ⊂ X a simple normal crossing divisor, the decomposition into irreducible smooth components of which we write as N j=1 D j .
The Futaki character of a Poincaré class

Hodge decomposition of vector fields parallel to the divisor
Reminder: the compact case. Fix a smooth Kähler form ω X on X, of associated Riemannian metric g X . Given any real holomorphic vector field Z (we write: Z ∈ h), it is well-known that its g X -dual 1-form ξ Z , that is, Z g X , enjoys the following decomposition: 
We define a restricted class of holomorphic vector fields on X, the use of which is natural when working with Poincaré type Kähler metrics on X\D: (|z| 2 log(|z|) 2 ) 2 < ∞). Conversely, any holomorphic vector field on X parallel to D gives on X\D a vector field bounded at any order for any Poincaré type metric on X\D.
Before we develop more theoretic considerations, let us push further the latter observation, and state the following elementary asymptotic considerations, that shall be much helpful to keep in mind later on (e.g. in the proof of Lemma 2.2 below): let f be a smooth function on X\D, with the singularity class of a Poincaré type Kähler potential, that is, 
at any order for some Poincaré type Kähler metric on X\D, then:
order on U \D. This follows from the writing df = 2cRe
Hodge decomposition. Holomorphic vector fields parallel to D turn out to admit a Hodge decomposition with respect to Poincaré type Kähler metrics on X\D:
on X\D, with the same harmonic part ξ Z harm as in the compact case, and this decomposition is unique. Moreover,
The uniqueness we state here is understood as follows: if ξ 
Proof of Proposition 1.2. -Before starting, we recall the following "Gaffney-Stokes' theorem", that we use several times in the upcoming proof, and more generally along this article; we refer the reader to [12] for the proof.
) be a complete orientable Riemannian manifold of real dimension n 1, and let α be a differential form of
With the notations of the statement, we first prove that equality (1.2) holds on X\D. This identity is purely local; it is thus sufficient to establish it for any Kähler metric equal to ω in the neighbourhood of any given point of X\D. More concretely, as ω = ω X + dd c ϕ is of Poincaré type, local analysis provides that ϕ → −∞ near D. Consider a convex function χ : R → R, with χ(t) = 0 if t −1, χ(t) = t if t 1 -and thus 0 χ (t) 1 for all t. Given K ∈ R, one now easily checks that
is a smooth metric on X, equal to ω on {ϕ 1 − K} (compact in X\D), and to ω X on {ϕ −(K + 1)}. Now (1.2) follows on {ϕ > 1 − K} by the smooth case of Hodge decomposition applied to ω K , thus on all X\D by letting K → ∞.
Observe that ξ Z harm is still harmonic with respect to ω; again, this condition is local, implied, thanks to the Kähler identities, by the closedness and the d c -closedness of ξ Z harm . These latter conditions are independent of the Kähler metric, and indeed implied by the harmonicity of ξ Z harm for the smooth ω X , as X is compact.
As ξ Z harm is bounded for ω X , it is so for ω, which dominates ω X . Similarly, f Z ω X and h Z ω X are bounded at any order for ω X hence for ω, and as Z is parallel to D, it is bounded at any order for ω, as well as dϕ by definition; consequently, f 
(no boundary terms by Lemma 1.4). On the other hand, we now know that for all t, ξ
t is constant, which gives (take t = 0, 1):
The mean of h Z ω against ω m is seen to vanish likewise.
The Poincaré type Futaki character
Definition. We can now generalise to Poincaré type Kähler metrics/ classes, and holomorphic vector fields parallel to the divisor, a well-known invariant [11] of compact Kähler manifolds:
Here, s(ω) denotes the (Riemannian) scalar curvature of ω, that one can compute for instance via: s(ω) 
Observe nonetheless that we takeω of Poincaré type in this proposition; the relation between the usual smooth Futaki character, and our Poincaré type Futaki character, is the purpose of next part. For now, let us address the proof of Proposition 1.6. 
c (φ − ϕ) t , and w t0,t (uniformly) bounded at any order ; with the local formula for the linearisationṡ t0 of the scalar curvature [5, Lem. 2 .158] at hand, it is an easy exercise to track the non-linear terms in s(ω t ) − s(ω t0 ) and establish the announced bounds on w t0,t . Uniform bounds at any order hold as well for the f
; these growth conditions near D thus ensure us that
is a smooth function of t, with derivative 
Link between smooth and Poincaré type Futaki characters
Statement
We now establish a formula relating the usual Futaki character to the Poincaré type Futaki character advertised in the Introduction. We keep the notations of the previous part; in particular, ω X is a smooth Kähler metric on X compact, and F Recall moreover that if Z ∈ h, we set f 
Consequently, for all
Z ∈ h D / / , (2.2) F D [ω X ] (Z) = F [ω X ] (Z) − 4π N j=1 Dj f Z ω X (ω X | Dj ) m−1 (m − 1)! .
Proof of Proposition 2.1
Identity (2.2) clearly follows from an inductive use of identity (2.1), the proof of which we focus on for the rest of this part.
Fix m! is the limit of (2.3) as t goes to 0. In other words, we want to show that:
which provides (2.1), by the definitions of F
our aim is to prove (2.4) with Dj \Ej f Z ω0
. The key point is the following technical lemma:
ANNALES DE L'INSTITUT FOURIER
By "f ∈ C ∞ X\D j ", we mean: f is smooth on X\D j , with derivatives bounded at any order with respect to any Poincaré type metric on X\D j , e.g. ω 0 ; by "w ∈ C ∞ 1 (X\D j )", we mean: w smooth on X\D j , with derivatives at any order O log |σ j | j −1 with respect to any Poincaré type metric on X\D j , e.g. ω X + dd c ϕ j . Lemma 2.2 is proven in next section. Let us see for now how it applies to our situation. One has: f
∞ X\D j , and we check easily that (Z · ϕ j ) ∈ C ∞ 1 (X\D j ) thanks to the assumption that Z be parallel to D j and the fact that 
0 /m! as t goes to 0 (all that matters here is actually this latter t-depending integral being o(t −1 )). As a result,
as wanted. Apart from the proof of Lemma 2.2, we are left with that of equality (2.5). We work on 
In order to conclude as in the proof of Proposition 1.2, since (Z·ψ j )| Dj \Ej = (Z| Dj \Ej ) · (ψ j | Dj \Ej ) as Z is parallel to D j , we check that the Hodge decomposition on X\D induces a Hodge decomposition on D j , up to the mean of the Riemannian/symplectic gradient potentials. Namely, we check that (2.7) ξ 
, and
∂z α (we implicitly sum on repeated Latin indices over {1, . . . , m}, and on Greek indices over {2, . . . , m}). The dual 1-forms are given by:
hence the result after restriction to
Main technical argument: proof of Lemma 2.2
Localisation of the problem. Recall that ω 0 = ω X + dd c ψ j is of Poincaré type on X\D j , and that the ω t = ω X + dd c (tϕ j + ψ j ), t ∈ (0, 1], are of Poincaré type on X\D. Now for all t ∈ [0, 1], s(ω t )ω . On the one hand, for f and w as in the statement of the Lemma, since (f + w)
as t tends to 0; one recognises the first term in the right-hand side of (2.6).
On the other hand, thanks to the uniform convergence of dd c log For fixed t > 0, we can write ω
] for a control uniform in t, with C > 0 independent of t.
Both controls come from the expansion ω t = ω 0 +t
Integration by parts. Now as dd c log( 
We deal with the three summands of the right-hand side separately, in the order 1-3-2; the aim is to show that when t goes to 0, the first summand provides the " Dj -term" of (2.6), whereas the other two tend to 0. (2) to argue by dominated convergence on the first summand of the righthand side in the latter identity; since the integrand tends to 0 as x 0, we get:
Third summand of the right-hand side of (2.8).
-Use the control oñ ε t to write:
the integral of the right-hand side is indeed finite (same argument as in the footnote above), and the left-hand side thus tends to 0 as t 0.
(1) As ω 0 and f are smooth on D j \E j , one gets the result by considering the integrals
and χ a smooth function with χ(σ) = 1 if σ 0 and χ(σ) = 0 if σ 1), which converge
when letting K go to ∞, thanks to the decay of w and its derivatives up to order 2, while 
Second summand of the right-hand side of (2.8).
-This might be the most delicate. We rewrite the integral in play as
where the V z 1 are the slices {z 1 = constant} of U \D. On each such slice, (the restrictions of) f +w, d(f +w) and dd c (f +w) are bounded, with respect to the restriction of ω 0 , hence
Our integral can thus be rewritten as
that is:
where Vol(
. This volume, as well as the supremums
, are bounded above independently of z 1 and of t (notice that we restrict to directions parallel to D j , along which ω 0 and ω are comparable). Now,
As t 0, the first two summands of the right-hand side clearly tend to 0; as for the third summand, the integrand is non-negative, and this only TOME 68 (2018), FASCICULE 1 helps us in proving that I t , and hence the whole second summand of (2.8), tend to 0 as t 0.
Summing up the above analysis of the three summands of the right-hand side of (2.8) yields:
and we saw that this is equivalent to Lemma 2.2 for our (localised) f and w.
Application to extremal metrics of Poincaré type
Extension of Proposition 2.1 (smooth divisor)
Notice that the integral term in (2.1) does not depend on the smooth 
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Proof. -Assume that ω is asymptotically a product as above; then ω = ω X + dd c ϕ +ψ , with ϕ = −a log − log(|z 1 | 2 ) , and in local holomorphic coordinates (
where the O is understood at any order for ω, and vanishes thanks to the usual integration by parts, hence the result, in view of (2.1).
A numerical constraint on extremal metrics of Poincaré type
We apply what precedes to reformulate the numerical obstruction of [3, §4.2.2], which is a constraint on extremal Poincaré type metrics of class [ω X ]; this is Theorem C of the Introduction, which we recall now: 
where s D (resp. s j ) denotes the mean scalar curvature attached to M
Proof. -Assume for a start that D is smooth, i.e. has disjoint components, hence E j = 0. Let ω ∈ M = 0 by definition of the normalised holomorphic potential, using (3.5), we can rewrite equation (3.4) as:
We conclude as in the smooth divisor case, using the positivity of a j .
Appendix A. Poincaré-Futaki character as a Donaldson-Futaki invariant
We detail here an algebraic interpretation of the Poincaré-Futaki character, in the same lines as what is done in [10] (compact smooth case), and in [15] (conical case).
A.1. Donaldson-Futaki invariants
We first recall the now-classical relation between the Futaki character and Donaldson-Futaki invariants, as observed in [10] . Assume ω X comes from a polarisation (L, h L ), i.e. ω X is the curvature of h L ; in particular, [ω X ] = 2πc 1 (L). Assume moreover that C * acts on (X, L). Restricting the action to the base X provides an infinitesimal action Z ∈ h, in the sense that for all x ∈ X, Seeing (X, L) as the central fibre of the product test-configuration (X , L) := (X × C, π * X L) (endowed with the product C * -action and where π X : X × C → X is the obvious projection), F 1 becomes the DonaldsonFutaki invariant of (X , L). Moreover, with our conventions,
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For further purpose, recall that this identity readily follows from the re1 Vol(X) X f ω m X m! ; therefore: 
